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Goniometrie

1. Trigonometrische Funktionen im rechtwinkligen
Dreieck

mit a = Gegenkathete, b = Ankathete und c = Hypothenuse

sin α = a · c−1 csc α = c · a−1 = (sin α)−1

cos α = b · c−1 sec α = c · b−1 = (cos α)−1

tan α = a · b−1 cot α = b · a−1 = (tan α)−1

2. Periodizität der trigonometrischen Funktionen

sin ϕ = sin (ϕ± 2nπ)

cos ϕ = cos (ϕ± 2nπ) mit n ∈ N und ϕ in rad.
tan ϕ = tan (ϕ± 2nπ)

cot ϕ = cot (ϕ± 2nπ)

3. Beziehungen zwischen den trigonometrischen
Funktionen desselben Winkels

sin ϕ = ±
√

1− cos2 ϕ = tan ϕ

±
√

1 + tan2 ϕ
= ± 1√

1 + cot2 ϕ

cos ϕ = ±
√

1− sin2 ϕ = cot ϕ
(
±

√
1 + cot2 ϕ

)−1

= ±
(√

1 + tan2 ϕ
)−1

tan ϕ = ± sin ϕ√
1− sin2 ϕ

= 1
cot ϕ = ±

√
1− cos2 ϕ
cos ϕ

cot ϕ = ±

√
1− sin2 ϕ
sin ϕ = 1

tan ϕ = ± cos ϕ√
1− cos2 ϕ

4. Additionstheoreme

sin (α + β) = sin α cos β + cos α sin β

sin (α− β) = sin α cos β − cos α sin β

cos (α + β) = cos α cos β − sin α sin β

cos (α− β) = cos α cos β + sin α sin β

tan (α + β) = (tan α + tan β) (1− tan α tan β)−1

tan (α− β) = (tan α− tan β) (1 + tan α tan β)−1

cot (α + β) = (cot α cot β − 1) (cot α + cot β)−1

cot (α + β) = (cot α cot β + 1) (cot β − cot α)−1
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5. Summen und Differenzen trigonomischer Funktio-
nen

sin α + sin β = 2 sin
[
1

2
(α + β)

]
cos

[
1

2
(α− β)

]
sin α− sin β = 2 cos

[
1

2
(α + β)

]
sin

[
1

2
(α− β)

]
cos α + cos β = 2 cos

[
1

2
(α + β)

]
cos

[
1

2
(α− β)

]
cos α− cos β = −2 sin

[
1

2
(α + β)

]
sin

[
1

2
(α− β)

]
tan α + tan β =

sin (α + β)

cos α cos β

tan α− tan β =
sin (α− β)

cos α cos β

cot α + cot β =
sin (α + β)

sin α sin β

cot α− cot β = −sin (α + β)

sin α sin β

cos α + sin β =
√

2 sin (45o + α) =
√

2 cos (45o − α)

cos α− sin β =
√

2 cos (45o + α) =
√

2 sin (45o − α)

sin2 α + cos2 β = 1

1 + tan2 α =
1

cos2 α

1 + cot2 α =
1

sin2 α

6. Produkte und Quotienten trigonometrischer Funk-
tionen

sin ϕ

cos ϕ
= tan ϕ =

1

cot ϕ
cos ϕ

sin ϕ
= cot ϕ =

1

tan ϕ
tan ϕ cot ϕ = 1

sin (α + β) sin (α− β) = cos2 β − cos2 α

cos (α + β) cos (α− β) = cos2 β − sin2 α
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sin α sin β =
1

2
[cos (α− β)− cos (α + β)]

cos α cos β =
1

2
[cos (α− β) + cos (α + β)]

sin α cos β =
1

2
[sin (α− β) + sin (α + β)]

tan α tan β =
tan α + tan β

cot α + cot β
= −tan α− tan β

cot α− cot β

cot α cot β =
cot α + cot β

tan α + tan β
= − cot α− cot β

tan α− tan β

tan α cot β =
tan α + cot β

cot α + tan β
= −tan α− cot β

cot α− tan β

sin α sin β sin γ =
1

4
[sin (α + β − γ) + sin (β + γ − α)

+ sin (γ + α− β)− sin (α + β + γ)]

cos α cos β cos γ =
1

4
[− cos (α + β − γ) + cos (β + γ − α)

+ cos (γ + α− β) + cos (α + βγ)]

sin α sin β cos γ =
1

4
[− cos (α + β − γ) + cos (β + γ − α)

+ cos (γ + α− β)− cos (α + β + γ)]

sin α cos β cos γ =
1

4
[sin (α + β − γ)− sin (β + γ − α)

+ sin (γ + α− β) + sin (α + β + γ)]

7. Potenzen von trigonometrischen Funktionen

sin2 ϕ =
1

2
[1− cos (2ϕ)]

sin3 ϕ =
1

4
[3 sin ϕ− sin (3ϕ)]

sin4 ϕ =
1

8
[cos (4ϕ)− 4 cos (2ϕ) + 3]

sin5 ϕ =
1

16
[10 sin ϕ− 5 sin (3ϕ) + sin (5ϕ)]

cos2 ϕ =
1

2
[1 + cos (2ϕ)]

cos3 ϕ =
1

4
[3 cos ϕ + cos (3ϕ)]

cos4 ϕ =
1

8
[cos (4ϕ) + 4 cos (2ϕ) + 3]

cos5 ϕ =
1

16
[10 cos ϕ + 5 cos (3ϕ) + cos (5ϕ)]
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8. Funktionen der einfachen Winkel

sin ϕ = 2 sin
(
1
2ϕ

)
cos

(
1
2ϕ

)
= ±

√
1
2 [1− cos (2ϕ)] =

2 tan
(
1
2ϕ

)
1 + tan2

(
1
2ϕ

)
cos ϕ = cos2

(
1
2ϕ

)
− sin2

(
1
2
ϕ

)
= 1− 2 sin2

(
1
2ϕ

)
= 2 cos2

(
1
2ϕ

)
− 1

=
1− tan2

(
1
2ϕ

)
1 + tan2

(
1
2
ϕ

) = ±
√

1
2 [1 + cos (2ϕ)]

tan ϕ =
2 tan

(
1
2ϕ

)
1− tan2

(
1
2
ϕ

) = 2
cot

(
1
2ϕ

)
− tan

(
1
2
ϕ

) = ±
√

1− cos (2ϕ)
1 + cos (2ϕ)

=
sin (2ϕ)

1 + cos (2ϕ)
=

1− cos (2ϕ)
sin (2ϕ)

cot ϕ =
cot2

(
1
2ϕ

)
− 1

2 cot
(

1
2
ϕ

) = 1
2

[
cot

(
1
2ϕ

)
− tan

(
1
2
ϕ

)]
= ±

√
1 + cos (2ϕ)
1− cos (2ϕ)

=
sin (2ϕ)

1− cos (2ϕ)
=

1 + cos (2ϕ)
sin (2ϕ)

9. Funktion der halben Winkel

sin
(

1

2
ϕ

)
= ±

√
1

2
(1− cos ϕ)

cos
(

1

2
ϕ

)
= ±

√
1

2
(1 + cos ϕ)

tan
(

1

2
ϕ

)
= ±

√
1− cos ϕ

1 + cos ϕ
=

sin ϕ

1 + cos ϕ
=

1− cos ϕ

sin ϕ

cot
(

1

2
ϕ

)
= ±

√
1 + cos ϕ

1− cos ϕ
=

sin ϕ

1− cos ϕ
=

1 + cos ϕ

sin ϕ

10. Funktionen der doppelten Winkel

sin (2ϕ) = 2 sin ϕ cos ϕ = 2 tan ϕ
1 + tan2 ϕ

cos (2ϕ) = cos2 ϕ− sin2 ϕ = 1− 2 sin2 ϕ = 2 cos2 ϕ− 1 = 1− tan2 ϕ
1 + tan2 ϕ

tan (2ϕ) = 2 tan ϕ
1− tan2 ϕ

= 2 1
cot ϕ− tan ϕ

cot (2ϕ) = cot2 ϕ− 1
2 cot ϕ = 1

2 (cot ϕ− tan ϕ)
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11. Funktionen des mehrfachen Winkels

sin (3ϕ) = 3 sin ϕ− 4 sin3 ϕ

sin (4ϕ) = 4 sin ϕ cos ϕ− 8 sin3 ϕ cos ϕ

sin (5ϕ) = 5 sin ϕ− 20 sin3 ϕ + 16 sin5 ϕ

cos (3ϕ) = 4 cos3 ϕ− 3 cos ϕ

cos (4ϕ) = 8 cos4 ϕ− 8 cos2 ϕ + 1

cos (5ϕ) = 16 cos5 ϕ− 20 cos3 ϕ + 5 cos ϕ

tan (3ϕ) =
3 tan ϕ− tan3 ϕ

1− 3 tan2 ϕ

tan (4ϕ) =
4 tan ϕ− 4 tan3 ϕ

1− 6 tan2 ϕ + tan4 ϕ

cot (3ϕ) =
cot3 ϕ− 3 cot ϕ

3 cot2 ϕ− 1

cot (4ϕ) =
cot4 ϕ− 6 cot2 ϕ + 1

4 cot3 ϕ− 4 cot ϕ
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